The dispersion coefficients for the van der Waals interactions between the rare gases Ne, Ar, Kr, and Xe and the low-lying states of Li, Na, K, and Rb are estimated using a combination of ab initio and semiempirical methods. The rare-gas oscillator strength distributions for the quadrupole and octupole transitions were derived by using high-quality calculations of rare-gas polarizabilities and dispersion coefficients to tune Hartree-Fock single-particle energies and expectation values.
I. INTRODUCTION
Recently a formalism ͓1͔ was presented that allows the van der Waals interaction between two atoms ͓2,3͔, e.g.,
to be computed in a relatively straightforward manner. The C n parameters in Eq. ͑1͒ are the dispersion coefficients while R is the distance between the two nuclei.
In this previous work, the dispersion coefficients for ground and excited states of alkali-metal atoms interacting with helium and atomic hydrogen were presented ͓1͔. The present work extends the calculations to encompass the heavier rare gases, namely, neon, argon, krypton, and xenon, to give improved descriptions of the interaction potential at large distances.
One of the main applications of this work lies in the area of pressure broadening ͓4-6͔. The theory of spectral line broadening relies on an accurate description of the potential curves between the two states undergoing the transition and the perturbing atom. The size of the dispersion parameters has a major influence upon the broadening since many of the collisions occur at large impact parameters. While there have been a number of investigations of the dispersion interaction between ground state alkali-metal atoms and the rare gases ͓2,7-12͔, this is not true for the alkali-metal-atom excited states which have received only the most cursory attention ͓12͔. This is surprising since the alkali-metal-rare-gas combination represents an almost ideal laboratory in which to investigate the general theory of pressure broadening of radiation by a perturbing atom or molecule. There have been a number of laboratory investigations of broadening for lithium ͓13-15͔, sodium ͓16-21͔, potassium ͓22͔, and rubidium ͓23,24͔. In addition, there have been a number of theoretical investigations of alkali metal spectral line broadening caused by the rare gases ͓15,25-30͔. Knowledge of the van der Waals interaction is also important for the determination of the refractive index of alkali-metal-atom matter waves traveling through rare gases ͓31-33͔. The present paper gives the dispersion coefficients between the two lowest alkali-metal s states and the rare gases. In addition, dispersion coefficients between lowest lying p and d states and the rare gases are also given. All dispersion coefficients are reported in atomic units ͑a.u.͒.
II. GENERATION OF THE TRANSITION MOMENT ARRAYS

A. Theoretical overview
The approach used to generate the dispersion coefficients is based on the work of Dalgarno who originally derived expressions in terms of oscillator strength sum rules ͓2,3͔. This reduced the calculation of the C n parameters for two spherically symmetric atoms to sums over the products of the absorption oscillator strengths ͑originating in the ground state͒ divided by an energy denominator. The sums should include contributions from all discrete and continuum excitations. In practice a pseudostate representation is used which gives a discrete representation of the continuum ͓1,34͔. The sum over oscillator strengths needs to be rewritten in terms of a sum over the reduced matrix elements of the electric multipole operator in cases where one ͑or both͒ of the atoms is in a state with L Ͼ 0 ͓1͔.
The major part of any calculation involves the generation of lists of reduced transition matrix elements for the two atomic states. This involves quite lengthy calculations to generate the excitation spectrum of the pseudostate representation. It is then a relatively straightforward calculation to use the formalism outlined in Zhang and Mitroy ͓1͔ to process the lists of matrix elements and generate the dispersion coefficients.
B. The alkali-metal atoms
The transition arrays for the alkali-metal atoms are those which were used in calculations of the dispersion interactions between these atoms and the ground states of hydrogen and helium ͓1͔. These are computed by diagonalizing the fixed core Hamiltonian in a large basis of Laguerre-type orbitals. The core Hamiltonian is based upon an HF description of the core with a semiempirical core polarization potential tuned to reproduce the energies of low-lying spectrum.
Core excitations are included in the dispersion parameter calculation. Oscillator strength distributions were constructed by using independent estimates of the core polarizabilities to constrain the sum rules ͓34-37͔. The methodology of using constrained sum rules is also used for the rare gases and is discussed more fully in the next section.
C. The rare gases
The rare-gas transition arrays that contribute to the dispersion parameter calculation are obtained from constrained sum rules. The data for the dipole transitions come from a set of previously published pseudo-excitation-energies and dipole oscillator strengths ͓38͔. The pairs of ͑f 0i , E 0i ͒ were constrained to give f-value sum rules in agreement with empirical estimates of these sum rules ͓39͔. For all practical purposes, these sets of empirical estimates ͑f 0i , E 0i ͒ are expected to give estimates of dispersion coefficients that are accurate to about 1% ͓38,39͔.
The data for the quadrupole and octupole transitions were derived by tuning an f-value distribution obtained from Hartree-Fock calculations to high-accuracy calculations of the polarizabilities and the dispersion coefficients between two identical rare-gas atoms ͓34,37͔. We use the sum rule for the multipole polarizability ␣
͓40͔ to help estimate an f ͑l͒ -value distribution function of reasonable accuracy. Equation ͑3͒ reduces to the well known Thomas-Reiche-Kuhn sum rule
for l = 1. In these equations, N is the total number of electrons, and ͗r 2l−2 ͘ is a radial expectation value of the groundstate wave function.
The other sum rules used to constrain the ͑f i ͑l͒ , ⑀ i ͒ distributions are those for the dispersion coefficients C 8 and C 10 . These are
and
First, we assume that the contribution from each closed subshell is equal to the number of electrons in the subshell ͑N i ͒ multiplied by the mean value of r 2l−2 for the subshell. The ͗r 2l−2 ͘ expectation value for each subshell is computed by using the Hartree-Fock ͑HF͒ wave function. These expectation values are expected to be accurate at the level of 1-2 % ͑ignoring relativistic effects͒ for the systems under consideration.
Next, the excitation energy for each subshell is set to the Koopmans energy ⑀ i ͑i.e., the single-particle energy coming from a HF calculation͒ plus an energy shift ⌬ 1 ͑l͒ . The motivation for this is the expectation that the HF single-particle energies will give a reasonable initial approximation to the oscillator strength distribution originating from each shell ͓34,37͔. The overall purpose of the energy shift is to refine the distribution so that it is consistent with the results of some sum rules for quantities such as the quadrupole polarizability for which reasonably accurate values are known. For the valence np shell there are two energy shifts. Five of the six electrons are given energy shifts of ⌬ 1 ͑l͒ , while one electron is given a different energy shift of ⌬ 2 ͑l͒ . The multipole polarizability computed with this oscillator strength distribution is 
The parameters ⌬ 1 ͑2͒ and ⌬ 2 ͑2͒ are adjusted until ␣ ͑2͒ and C 8 agree with the reference values of these quantities. The C 8 dispersion parameter also requires knowledge of the dipole oscillator strength distribution which is taken from the empirical distributions of Kumar and Meath ͓38͔. Once the quadrupole oscillator strength distribution has been fixed, the process can be repeated using ␣ ͑3͒ and C 10 to fix the values of ⌬ 1 ͑3͒ and ⌬ 2 ͑3͒ .
A tabulation of the f ͑l͒ distributions derived from this process are given in Table I. Table II gives the polarizabilities and C n values ͑for homo-nuclear dimers͒ computed with these f ͑l͒ distributions. Once the oscillator strengths have been determined, the reduced matrix elements needed for the evaluation of the dispersion parameters are obtained from
where ⌬E n0 = E n − E 0 . This expression can be inverted and the positive square root taken without any loss of generality since the rare-gas ground states have an angular momentum of zero. The usefulness of this approach does depend on using accurate reference values of the quadrupole and octupole polarizabilities, and accurate values of C 8 and C 10 to fix ⌬ i ͑l͒ .
These are now discussed.
Neon
Using the oscillator strength distributions of Kumar and Meath ͓38͔ gave ␣ ͑1͒ = 2.669a 0 3 and C 6 = 6.383 a.u. A reference value of 7.52a 0 5 was adopted for ␣ ͑2͒ . This was taken from a coupled cluster calculation with full allowance for single and double excitations and with an estimate of the impact of triple excitations ͓CCSD͑T͔͒ ͓43͔. This calculation gave ␣ ͑1͒ = 2.68a 0 3 . An independent CCSD͑T͒ calculation gave ␣ ͑2͒ = 7.525a 0 5 ͓44͔. The reference value for the octupole polarizability 42.07a 0 5 was taken from a many-body perturbation theory ͑MBPT͒ calculation ͓41͔. This MBPT calculation gave ␣ ͑1͒ = 2.656a 0 3 . The reference values for the Ne-Ne dispersion coefficients C 8 = 90.344 a.u. and C 10 = 1535.6 a.u. were also taken from an MBPT calculation ͓41͔.
Argon
Using the oscillator strength distributions of Kumar and Meath ͓38͔ gave ␣ ͑1͒ = 11.08a 0 3 and C 6 = 64.30 a.u. The value of 52.8a 0 5 was adopted for ␣ ͑2͒ . This was derived from a coupled cluster calculation with full allowance for single and double excitations and with an estimate of the impact of triple excitations ͓43͔. This calculation also gave ␣ ͑1͒ = 11.12a 0 3 . This is a light atom and relativistic effects have a small impact upon the polarizabilities ͓a CCSD͑T͒ calculation using a pseudopotential for the core gave a relativistic correction of only −0.1a 0 5 to ␣ ͑2͒ ͓45͔͔. The reference value for the octupole polarizability, 536.4a 0 7 was taken from a MBPT calculation ͓41͔. The MBPT calculation gave ␣ ͑1͒ = 11.06a 0 3 and ␣ ͑2͒ = 51.86a 0 5 . The reference Ar-Ar dispersion coefficients C 8 = 1623.2 a.u. and C 10 = 40963 a.u. were also taken from this MBPT calculation ͓41͔.
Inclusion of relativistic effects
Relativistic effects have a larger impact upon the structure and excitation spectrum for krypton and xenon than they do for neon and argon. Preferably, one would choose reference values for krypton and xenon directly from relativistic calculations, but the problem with this is that the best nonrelativistic calculations usually have a better treatment of electron correlations than the best relativistic calculations. The strategy adopted is to use estimates of the relativistic corrections to the ␣ ͑l͒ and C n coefficients to adjust the best nonrelativistic values.
Krypton
The oscillator strength distributions of Kumar and Meath ͓38͔ gave ␣ ͑1͒ = 16.79a 0 3 and C 6 = 129.6 a.u. The value of 98.2a 0 5 was adopted for ␣ ͑2͒ . This was derived from a CCSD͑T͒ calculation which gave 99.86 ͓43͔. An independent CCSD͑T͒ calculation using a pseudopotential for the core estimated the decrease in ␣ ͑2͒ due to relativistic effects to be 1.65a 0 5 ͓45͔. The CCSD͑T͒ calculation gave ␣ ͑1͒ = 17.07a 0 3 if a correction of 0.01a 0 3 is made for relativistic effects ͓45͔. The reference value adopted for the octupole polarizability was ␣ ͑3͒ = 1254.8a 0 7 . This was determined by adding a relativistic correction of −17.8a 0 7 ͑taken from a second order Moller-Plesset calculation ͓42͔͒ to a value of 1272.6a 0 3 taken from a large basis MBPT calculation ͓41͔ ͑this MBPT calculation gave ␣ ͑1͒ = 17.21a 0 3 ͒. The reference values for the Kr-Kr dispersion coefficients were C 8 = 4040 a.u. and C 10 = 1.501ϫ 10 5 a.u. These values were derived from the relativistic second order MollerPlesset perturbation theory calculations ͑MP2͒ of Hattig and Hess ͓42͔ ͑note the data that is quoted was identified as TDMP2 in this paper͒. This calculation gave estimates of C 6 = 130.1 a.u. and ␣ ͑1͒ = 16.85a 0 3 which are in very good agreement with those of Kumar. However, the MP2 values of ␣ ͑2͒ = 96.8a 0 5 and ␣ ͑3͒ = 1241a 0 7 are, respectively, 1.5 and 1.1 % smaller than the reference values adopted for these polarizabilities. Accordingly, the effective f ͑l͒ -value distributions of Hattig and Hess ͓42͔ for l = 2 and 3 were rescaled by 1.015 and 1.011 and used in conjunction with their f ͑1͒ distributions to recompute C 8 and C 10 resulting in the values listed at the start of this paragraph.
Xenon
The oscillator strength distributions of Kumar and Meath ͓38͔ gave ␣ ͑1͒ = 27.16a 0 3 and C 6 = 285.9 a.u. A value of ␣ ͑2͒ = 213.7a 0 5 was adopted as the reference. This was determined by adding a relativistic correction of −9.64a 0 5 ͑taken from a second order Moller-Plesset calculation ͓42͔͒ to a value of 223.29a 0 3 taken from a large basis MBPT calculation ͓41͔ ͑this MBPT calculation gave ␣ ͑1͒ = 28.23a 0 3 ͒. The C 8 reference values for the Xe-Xe interaction were determined by a procedure similar to that used for the Kr-Kr case. The relativistic MP2 f ͑2͒ -value distribution of Hattig and Hess ͓42͔ was rescaled by 1.054 ͑=213.7/ 202.8͒ and used in conjunction with their f ͑1͒ distribution to give C 8 = 1.200ϫ 10 4 . This procedure could not be adopted for ␣ ͑3͒ and C 10 because Hattig and Hess did not report any calculations for this case. Accordingly, the relativistic correction was estimated by assuming it was the same relative size as the correction for the quadrupole transition. Using the data from Hattig and Hess, one gets a correction of 0.949= 202.8/ 213.7. Scaling the MBPT octupole polarizability of 3640.6 by 0.949 gave a reference value of ␣ ͑3͒ = 3455a 0 7 . ͑Note that the scale factors for the relativistic correction for ␣ ͑2͒ and ␣ ͑3͒ were roughly similar in size, e.g., for krypton they were 0.985 and 0.989, respectively.͒ The value of C 10 was estimated by simply rescaling the MBPT value of 6.198ϫ 10 5 by 0.949 giving 5.882ϫ 10 5 as the reference value. This probably underestimates the size of the relativistic correction since the quadrupole-quadrupole sum in C 10 should be rescaled by ͑0.949͒ 2 while the dipole-octupole sums are rescaled by 0.949.
III. CALCULATIONS AND RESULTS
A. Dispersion parameters
The dispersion coefficients were computed using the formalism presented in Ref. ͓1͔. This formalism reduces the dispersion coefficients to sums over sets of reduced matrix elements of the two atoms. The oscillator strengths for the rare gases can be converted to reduced matrix elements without any error since the expressions for the dispersion relations involving one atom in an S state only involve squares of the reduced matrix elements for the S-state atom.
B. The heteronuclear rare-gas combinations
The complete set of dispersion coefficients for all the possible rare-gas combinations are listed in Table III . The ultimate accuracy of the tabulated coefficients is largely limited by the accuracy of the many-body calculations used to derive the reference values. Most of the dispersion coefficients were based on the MBPT dispersion coefficients of Thakkar et al. ͓41͔ . The present values of the dispersion coefficients for combinations involving Kr or Xe should be regarded as more accurate than the MBPT values since the impact of relativistic effects have been incorporated as corrections.
The other set of dispersion coefficients listed in C n coefficients are consistently smaller for interactions involving either krypton or xenon. This is expected since relativistic effects generally lead to contractions of the orbitals which result in smaller polarizabilities and dispersion interactions. The present values of the dispersion coefficients generally lie between the TDMP2 and MBPT values for interactions involving krypton or xenon.
C. The alkali-metal-rare-gas coefficients
The dispersion constants between the rare gases and the alkali-metal-atom ground states are given in Table III and compared with the compilation of Standard and Certain ͑SC͒ ͓8͔. The values of SC were determined by constructing f-value distributions using a combination of experimental and theoretical information about polarizabilities, sum rules, and transition energies to give bounded estimates of the polarizabilities and thus the dispersion coefficients using Pade approximates ͓8,10͔. It can be seen from Table III that many of the bounds given in the SC tabulation are quite loose, and in the case of interactions involving sodium, the variation between the upper and lower bounds is more than a factor of 2. Some older compilations of dispersion coefficients for the alkali-metal-rare-gas combinations ͓2,7,10-12͔ are not listed for reasons of brevity.
The present values should be regarded as superior to the SC compilation for three reasons. The pseudo-oscillatorstrength distributions for the higher multipoles of the rare gases and alkali-metal cores should be better than the essentially one-term expressions for the dynamic polarizabilities used by SC ͓8,10͔. In addition, the data used to bound the pseudo-f-value distributions is in many cases better. Finally, the dipole f-value distributions for the rare gases ͓38͔ and the valence f-value distributions used for the alkali-metal atoms ͓36͔ represent an update of the data that was available to SC in 1985 ͓8͔.
The C 8 and C 10 dispersion coefficients were usually larger than the upper bounds given by SC. The only alkali-metal atom for which this does not occur is sodium, but the spread quoted by SC for the sodium upper and lower bounds is significantly larger than the spreads given for lithium, potassium, and cesium.
In addition to the ground state, the dispersion coefficients between the np alkali-metal excited state and the rare gases are given in Table V . Apart from the early work of Mahan ͓12͔, these values represent the only calculations of the dispersion coefficients between the alkali-metal np states and the rare gases from neon onward ͑note that there have been some calculations of the dispersion coefficients for helium ͓1,46͔͒. Data on the excited state potentials do exist ͓47-52͔ but almost nothing is known about the long-range forms of the potentials. The present calculations rectify this omission. The obvious trend in the table is the tendency for the dispersion coefficients to get larger as either the alkali-metal atom or the rare-gas atom increases in size.
The dispersion coefficients for the interaction of atoms in excited ͑n +1͒s states with the rare gases are listed in Table  VI . The results of Proctor and Stwalley ͑PS͒ ͓7͔ are presented for comparison. The PS results were derived by using various constraints on oscillator strength sum rules ͑based on experimental and theoretical data͒ to determine the oscillator strength distribution as a function of excitation energy. Although PS quoted uncertainties, these are not given here since their uncertainties in many cases seem to be overoptimistic. The present C n are all larger than those of PS. This is not surprising since PS did not include any contribution from the alkali-metal-atom cores in the calculation. Therefore it would be expected that the differences from the PS values would get larger as the size of the alkali-metal atom increases, and this is the case. The difference between the present and PS C 6 for the Li-Ne combination was 2.0 out of 310 a.u. For the Rb-Ne case, the difference for C 6 was 25.6 out of 469.6 a.u. This situation was reminiscent of the comparison with PS for the alkali-metal-He C n coefficients of helium ͓1͔. Part of the difference between the present and PS C n can be attributed to the core. For example, omission of the core for the Rb͑5s͒-Ne interaction results in C 6 = 449.7 and C 8 = 1.681ϫ 10 3 a.u., both of these values are still larger than the PS values.
The PS dispersion coefficients for the Li-rare-gas systems were recently utilized in a combined experimental and theoretical analysis of the noble gas pressure broadening of the 7 Li 2s -3s transition by Rosenberry et al. ͓15͔. Rosenberry et al. were not able to get detailed quantitative agreement for either the pressure broadening or pressure shift. The present values of C 6 for the Li-rare-gas case agree with those of PS to better than 1%, and to within 5% for C 8 , so any inaccuracies in the PS C n coefficients are unlikely to be a major contributor to any error. Table VII reports the dispersion coefficients between the lowest nd state of the alkali-metal atoms with the rare-gas ground states. The C 6 coefficients for a given alkali-metal atom show a tendency to get larger as the rare-gas atom gets larger. This behavior is expected. The C n coefficients exhibit one pattern that is unexpected. The dispersion coefficients for a given rare gas tend to be largest for Li and smallest for rubidium; for example, the C 6 dispersion coefficients for the ⌺, ⌸, and ⌬ states of Li-Ar decrease steadily as the Li is substituted by Na, K, and Rb. This behavior is caused by the nature of the downward transition from the nd state to the resonant np excited state. The oscillator strength for this transition is negative. As the alkali-metal atoms get larger, the negative contribution from this transition to C 6 gets larger leading to a reduction in the value of C 6 . It is worth noting that the static dipole polarizability of the lowest nd state decreases as the alkali-metal atom gets larger ͓36͔.
One of the larger sources of error in the present calculations will be the oscillator strength distributions for the alkali-metal-atom cores since these were defined with a single ⌬ ͑l͒ shift. The coefficient with the largest core contribution is C 6 for Rb-Ne, where 23% of C 6 arises from the core. Calculations of C 6 for the positronium-rare-gas and hydrogen-rare-gas interactions suggest the error involved in using a single ⌬ ͑1͒ does not exceed 5% ͓37͔. So the influence of the errors in the core f ͑l͒ -value distributions could result in C 6 being too large by about 1-2 %. The influence of the core decreases as the excitation level of the alkali-metal atom increases ͑e.g., the core has a 4% effect on the Rb͑6s͒-Ne C 6 ͒, or the multipolarity of C n increases ͑e.g., the core has a 6% effect on the Rb͑5s͒-Ne C 8 ͒, and decreases as the size of the rare-gas atom increases ͑e.g., the core has a 16% effect on the Rb͑5s͒-Xe C 6 ͒.
IV. SUMMARY
The van der Waals coefficients between the rare gases and some low-lying excited states of the alkali-metal atoms have been determined using sum rules over oscillator strengths and transition moments. The dipole oscillator strength distributions for the rare gases were taken from the empirical tabulations of Kumar and Meath ͓38͔. The oscillator strength distributions for the higher multipoles were determined by tuning distributions derived from HF wave functions to expectation values taken from sophisticated many-body calculations.
The most recent previous compilation of the alkali-metalrare-gas dispersion interactions is the one by SC ͓8͔. The TABLE VII. The dispersion coefficients ͑in atomic units͒ for the ⌺, ⌸, and ⌬ symmetries, between the lowest nd excited state of the alkali-metal atoms with the ground state of rare-gas atoms. The numbers in the square brackets denote powers of ten.
System
⌺ ⌸ ⌬ present values should be regarded as superseding the SC values. The underlying f-value distributions for the rare gases and alkali-metal atoms give dipole polarizabilities and dispersion interactions that are generally accurate to about 1% for the rare-gas-rare-gas and alkali-metal-alkali-metal cases ͓1,34,53-55͔. The present C 8 and C 10 dispersion coefficients are generally larger than the SC values or near the high end of allowable range indicated by SC. The scope of the present article has been restricted to the ns, ͑n +1͒s, and np and lowest md states of the alkali-metal atoms, mainly to keep the length of the present article to a reasonable size. However, generating tables of dispersion coefficients for other low-lying excited states of alkali-metal atoms would be relatively straightforward.
